A modern radiotelegraphic antenna generally consists of two portions, a vertical portion or ''lead-in" and a horizontal portion or "aerial." At the lower end of the lead-in, coils or condensers or both are inserted to modify the natural frequency of the electrical oscillations in the system. When oscillating, the current throughout the entire lead-in is nearly constant and the inductances, capacities, and resistances in this portion may be considered as localized or lurnped. In the horizontal portion, however, both the strength of the current and the voltage to earth vary from point to point and the distribution of current and voltage varies with the frequency. The inductance, capacity, and resistance of this portion must therefore be considered as distributed throughout its extent and its effective inductance, capacity, and resistance will depend upon the frequency. On this account the mathematical treatment of the oscillations of a»n antenna is not as simple as that which applies to ordinary circuits in which all of the inductances and capacities may be considered as lumped.
The theory of circuits having uniformly distributed electrical characteristics such as cables, telephone lines, and transmission lines has been applied to antennas. The results of this theory do not seem to have been clearly brought out; hazy and sometimes erroneous ideas appear to be current in the literature, textbooks, and in the radio world in general so that the methods of antenna measurements are on a dubious footing. It is hoped that this paper may clear up some of these points. No attempt has been made to show how accurately this theory applies to ac.tual The aerial-ground portion of the antenna, or aerial for short {CD in Fig. i ), will be treated as a line with uniformly distributed inductance, capacity, and resistance. As is common in the treatment of radio circuits the resistance will be considered to be so low as not to affect the frequency of the oscillations or the distribution of current and voltage. The lead-in, BC in Fig. i , will be considered to be free from inductance or capacity excepting as inductance coils or condensers are inserted at A to modify the oscillations.
An inductance coil, particularly if a long single-layer solenoid, may also be treated from the standpoint of the transmission-line theory. The theoretical results obtained furnish an interesting explanation of certain well-known experimental results.
II. CIRCUIT WITH UNIFORMLY DISTRIBUTED INDUCTANCE AND CAPACITY
The theory, generally applicable to all circuits with uniformly distributed inductance and capacity, will be developed for the case of two parallel wires. The wires (Fig. 2) are of length / and of low resistance. The inductance per unit length Li is defined by the flux of magnetic force between the wires per unit of length that *there would be if a steady current of i ampere were flowing 1^o pposite directions in the two wires. The capacity per unit, length C\ is defined by the charge that there would be on a unit length of one of the wires if a constant emf of i volt were impressed between the wires.' Further, the quantity Lo = l Li would be the total inductance of the circuit if the current flow were the same at all parts. This would be the case if a constant or slowly The quantity Co = l Ci would represent the total capacity between the wires if a constant or slowly alternating voltage were applied 2itx=o and the far end were open.
Let it be assumed, without defining the condition of the circuit 2itx = l, that a sinusoidal emf of periodicity oj = 2 tt / is impressed at rjf = o giving rise to a current of instantaneous value i at A and a voltage between A and D equal to v. At B the current will be Ul/ 01) i + T-dx and the voltage from B to C will he v-\-^dx.
The voltage arotmd the rectangle ABCD will be equal to the rate of decrease of the induction through the rectangle, hence (v+^^jxyv^-l^iuidx) Sv Si Further, the rate of increase of the charge q on the elementary length of wire AB will be equal to the excess in the current flowing in at A over that flowing out at B. which is open, we may introduce the condition that the current is zero for x = l. From (4) J = cotajVcZ7/ (5) Now the reactance of the aerial, which includes all of the antenna but the lead-in, is given by the current and voltage at x = o.
These are, from (3), (4), and (5),
The current leads the voltage when the cotangent is positive and lags when the cotangent is negative. The reactance of the aerial, given by the ratio of the maximum values of Vo to io, is X^-y^cotw VCA/ becomes infinite. This variation of the aerial reactance with the frequency is shown by the cotangent curves in Fig. 3 .
NATURAL FREQUENCIES OF OSCILLATION
Those frequencies at which the reactance of the aerial, as given by equation (6) The corresponding wave lengths are given by f f^,'CoLo m that is, 4/1, 4/3, 4/5, 4/7, etc., times the length of the aerial. If, however, the lead-in has a reactance Xx, the natural frequencies -Curces of aerial arid loading coil reactances of oscillation are determined by the condition that the total reactance of lead-in plus aerial shall be zero; that is,
provided that the reactances are in series with the driving emf .
(a) Loading Coil in Lead-in. -The most important practical case is that in which an inductance coil is inserted in the lead-in. If the coil has an inductance L, its reactance Xi^= oiL. This is a positive reactance increasing linearly vv*ith the frequency and represented in Fig. 4 by a solid line. Those frequencies at which the reactance of the coil is equal numerically but opposite in sign to the reactance of the aerial, are the natural frequencies of oscillation of the loaded antenna since the total reactance Xi, + X = o.
Graphically, these frequencies are determined by the intersection of the straight line -X^= -ooL (shown by a dash line in Fig. 4 ) with the cotangent curves representing X. It is evident that the frequency is lowered by the insertion of the loading coil and that the higher natural frequencies of oscillation are no longer integral multiples of the lowest frequency.
The condition X£, + X = o, which determines the natural frequencies of oscillation, leads to the equation Table i gives these values for the lowest natural frequency of oscillation, which is of the major importance practically. The condition Xc + X = o is expressed by the equation tan oi^JCoLo _ C (9) which has also been given by Guyau. Equation (9) In the following the most important practical case of a loading coil in the lead-in and the natmral oscillation of lowest frequency alone will be considered. The problem is to replace the antenna (aj with lumped constants to represent antenna in (a) of Fig. 6 , (a), which has a loading coil L in the lead-in and an aerial with distributed characteristics, by a circuit (Fig. 6 , (6)) consisting of the inductance L in series with lumped resistance i?e, inductance Le, capacity Ce, which are equivalent to the aerial. It is necessary, however, to state how these effective values are to be defined.
In practice the quantities which are of importance in an antenna are the resonant wave length or frequency and the ciurent at the current maximum. The quantities Le and Ce are therefore defined as those which will give the circuit {h) the same resonant frequency as the antenna in (a). Further the three quantities Le,Ce, and Re must be such that the current in (b) will be the same imdamped or damped with any decrement. These conditions determine Le, Ce, and R^uniquely at any given frequency and are the proper values for an artificial antenna which is to represent an actual antenna at a particular frequency. In the two circuits the corresponding maxima of magnetic energies and electrostatic energies and the dissipation of energy will be the same.
Zenneck * has shown how these effective values of inductance capacity and resistance can be computed when the current and voltage distributions are known. Thus, if at any point x on the oscillator the current i and the voltage v are given by
where / is the value of the current at the current loop and V the maximtmi voltage, then the difiFerential equation of the oscilla- In order to evaluate these quantities, it is necessary only to determine / (x) and (f) (x) ; that is, the functions which specify the distribution of ciurent and voltage on the oscillator.
In this connection it will be assumed that the resistance is not of importance in determining these distributions. The expressions (14) and (15) should lead to the same value for the reactance X of the aerial as obtained before. It is readily shown that COCe J^cotcoVCoLâ greeing with equation (6) . It is of interest to investigate the values of these quantities at very low frequencies (a) = o), frequently called the static values, and those corresponding to the natiural frequency of the unloaded antenna or the so-called ftmdamental of the antenna. Substituting co = o in (13), (14), and (15), and evaluating the indeterminant which enters in the first two cases, we obtain for the lowfrequency values , _Lo
C e^^^o
At low frequencies the current is a maximum at the lead-in end of the aerial and falls off linearly to zero at the far end. The effective resistance and inductance are one-third of the values which would obtain if the current were the same throughout. The voltage is, however, the same at all points and hence the effective capacity is the capacity per unit length times the length or Co.
At the fundamental of the antenna, the reactance X of equation (6) becomes equal to zero and hence w-y/C^= --Substituting this value in (13), (14), and (15),
Le=^ (17) Hence, in going from low frequencies up to that of the fundamental of the antenna, the resistance (neglecting radiation and skin effect) and the inductance (neglecting skin effect) increase by 50 per cent, the capacity, however, decreases by about 20 per 2 2 cent.
The incorrect values -Lo and -Co have been frequently IT IT given and commonly used as the values of the effective inductance and capacity of the antenna at its fundamental. These lead also to the incorrect value L© =for the low-frequency inductance. 5
The values for other frequencies may be obtained by substitution in (13), (14), (15).
If the value L of the loading coil in the lead-in is given, the quantity co^CoLo is directly obtained from Table i.
EQUIVALENT CIRCUIT WITH LUMPED CONSTANTS
In so far as the frequency or wave length is concerned, the aerial of the antenna may be considered to have constant values of inductance and capacity and the values of frequency or wave length for different loading coils can be computed with slight error using the simple formula applicable to circuits with lumped inductance and capacity. The values of inductance and capacity ascribed to the aerial are the static or low frequency; that is, -f or the inductance and Co for the capacity. The total inductance in case the loading coil has a value L will be L +and the frequency is given by / = 17 TV- (19) where the inductance is expressed in niicrohenrys and the capacity in microfarads. The accuracy with which this formula gives the wave length can be determined by comparison with the exact formula (8) .
In the second column of Hence to the degree of accuracy shown, which is amply sufficient in most practical cases, the aerial can be represented by its static inductancewith its static capacity Co in series, and the frequency of oscillation with a loading coil L in the lead-in can be computed by the ordinary formula applicable to circuits with lumped constants. In an article by *L. Cohen,^which has been copied in several other publications, it was stated that the use of the simple wavelength formula would lead to very large errors when applied to the antenna with distributed constants. The large errors found by Coheai are due to his having used the value Lo for the inductance of the aerial, instead of -^' in applying the simple formula.
DETERMINATION OF STATIC CAPACITY AND INDUCTANCE
In applying formula (8) to calculate the frequency of a loaded antenna, a know^ledge of the quantities of Lo and Co is required.
In applying formula (18), -r and Co are required. Hence either L. Cohen, Electrical World, 65. p. 2S6; 1915. formula may be used if the static capacity and inductance values are known. We will call these values simply the capacity Ca and inductance La of the antenna. Hence Ca = Co, La =~and the 3 wave length from (19) is given by X = 1 884V(L+La)Ca (20) where inductance is expressed in microhenrys and capacity in microfarads, as before.
The capacity and inductance of the antenna are then readily determined experimentally by the familiar method of inserting, one after the other, two loadi;Qg coils of known values Lj and L2 in the lead-in and determining the frequency of oscillation or wave length for each. From the observed wave lengths \ and Xg and known values of the inserted inductances, the inductance of the antenna is given by^^~\ '-\'^^^â nd the capacity of the antenna from either X2 = l884V(^2+^a)Ca|^^^û sing, preferably, the equation corresponding to the larger valued coil.
This assumes that formula (20) holds exactly.
As an example, let us assume that the antenna has Lo = 50 microhenrys and Co =0.001 microfarad and that we insert two coils of 50 and 150 microhenrys and determine the wave lengths, experimentally. We know from formula (8) and Table i that the wave lengths would be found to be 491 and 771 m. From the observed wave lengths and known inductances, the value of La would be found by (21) to be La = 1 7.8 microhenrys and from (22) Ca = 0.000999 microfarad.
Ca is very close to the assmned value Co but La differs by 7 per cent from -. This accuracy would ordinarily be sufficient. We can, however, by a second approximation, derive from the experimental data a more accurate value of La. For, the observed value iVoLzô f La furnishes rough values of j-^and r^» which in this example come out 0.96 and 2.88, respectively. But Table i gives the per cent error of fonnula (20) for different values of j-and shows that this formula gives a 0.7 per cent shorter wave length than 491 m (or 488 m) for j-=0.96 but no appreciable difference for j-= 2.88.
Recomputing La, using 488 and 771 m, gives La = o.oi68 which is practically identical with the assumed -' 6. DETERMINATION OF EFFECTIVE RESISTANCE, INDUCTANCE, AND CAPACITY When a source of undamped oscillations in a primary circuit induces current in a secondary tuned circuit, the current in the secondary, for a given emf, depends only upon the resistance of the secondary circuit. When damped oscillations are supplied by the soiurce in the primary, the current in the secondary, for a given emf and primary decrement, depends upon the decrement of the secondary ; that is, upon the resistance and ratio of capacity to inductance. The higher the decrement of the primary circuit relative to the decrement of the secondary the more strongly does the current in the secondary depend upon its own decrement. This is evident from the expression for the ciurent / in the secondary circuit.
\T 77 2 72 = 4/i^^6'(i4) where 5' is the decrement of the primary, h that of the secondary, R the resistance of the secondar}^/ the frequency, Eo the maximum value of the emf impressed on the primar\% and A^the wave-train frequency.
These facts suggest a method of determining the effective resistance, inductance, and capacity of an antenna at a given frequency in which all of the measurements are made at one frequency and which does not require any alteration of the antenna circuit whatsoever. The experimental circuits are arranged as shown in Fig. 7 , where 5 represents a coil in the primary circuit which may be thrown either into the circuit of a source of undamped or of damped oscillations. The coil L is the loading coil of the antenna, which may be thrown over to the measuring circuit containing a variable inductance V, a variable condenser C , and variable resistance R\ The condenser C should be resistance free and shielded, the shielded terminal being connected to the groimd side.
First, the undamped source is tuned to the antenna, and then the UC circuit tuned to the source. The resistance R' is then varied until the current is the same in the two positions. The resistance of the L'C circuit is then equal to Rq, the effective resistance of the aerial-ground portion of the antenna and UC = LqCq. Next, the damped source is timed to the antenna and the change in current noted when the connection is thrown over to the L'C circuit. If the current increases, the value of C is greater than Ce, and vice versa. By varying both U and C, J Fig -Circuits for determining the effective resistance, inductance, and capacity of an antenna keeping the tuning and R' unchanged, the current can be adjusted to the same value in both positions. Then, since UC =LJZq and C Ce -p = -p, the value of C gives Ce and that of L' gives Le. Large changes in the variometer setting may result in appreciable changes in its resistance so that the measurement should be repeated after the approximate values have been fo\md. To eliminate the resistance of the variom.eter in determining R^, the variometer is shorted and, using undamped oscillations, the resonance current is adjusted to equality in the two positions by var3dng R' . Then R^=Re. The measurement requires steady sources of feebly damped and strongly damped current. The fomier is readily obtained by using a vacuum-tube generator. A resonance transformer and magnesimn spark gap operating at a low-spark fre- 110990°-19 ] Bulletin of the Bureau of Siatidards {Vol. 14 quency serve very satisfactorily for the latter source, or a single source of which the damping can be varied will suffice. An accuracy of i per cent is not difficult to obtain.
IV. THE INDUCTANCE COIL
The transmission-line theory can also be applied to the treatment of the effects of distributed capacity in inductance coils.
In Fig. 8, (o) , is represented a single-layer solenoid connected to a variable condenser C. A and B are the terminals of the coil, D the middle, and the condensers drawn in dotted lines are supposed to represent the capacities between the different parts of the coil.
In Fig. 8, ih) , the same coil is represented as a line with uniformly distributed inductance and capacity. These Above this frequency the reactance is highly negative, approaching zero at the frequency co-y/CoLo = tt. In this range of frequencies the coil behaves as a condenser and would require an inductance across the terminals to form a resonant circuit. At the frequency co-y/CoLo -=7r the coil will oscillate with its terminals short-circuited.
As the frequency is still further increased the reactance again becomes increasingly positive.
Condenser Across the Terminals. -The natural frequencies of oscillation of the coil when connected to a condenser C are given by the condition that the total reactance of the circuit shall be zero.
X'+Xc = o
From this we have y^t an co^JCoLo = -ô r cot CO -y/CoLo _ C COyCo-^o^o This expression is the same as (8) obtained in the case of the C loaded antenna, excepting that t.-occurs on the right-hand side Co instead of^» and shows that the frequency is decreased and wave length increased by increasing the capacity across the coil in a manner entirely similar to the decrease in frequency produced by inserting loading coils in the antenna lead-in.
EQUIVALENT CIRCUIT WITH LUMPED CONSTANTS
It is of interest to investigate the effective values of inductance and capacity of the coil at very low frequencies.
V (24) Expanding the tangent in equation (23) into a series we find X'=a;Lo(i+'^^^^^% ) and neglecting higher-power terms this may be written This is the reactance of an inductance Lo in parallel with a capacity Co -^» which shows that at low frequencies the coil may be regarded C as an inductance Lo with a capacity~across the terminals and therefore in parallel with the external condenser C. Since at low frequencies the current is uniform throughout the whole coil, it is self-evident that its inductance should be Lq. Now, the similarity between equations (24) and (8) shows that, just as accurately as in the similar case of the loaded antenna, the frequency of oscillation of a coil with any capacity C across the terminals is given by the formula 2^^/Lo(c+^°) (25) This, however, is also the expression for the frequency of a coil C of pure inductance Lo with a capacity -^a cross its terminals and which is in parallel with an external capacity C. Therefore, in so far as frequency relations are concerned, an inductance coil with distributed capacity is closely equivalent at any frequency to a pure inductance, equal to the low-frequency inductance (neglect- ing skin effect), with a constant capacity across its terminals. This is a well-known result of experiment,' at least in the case of single-layer solenoids which, considering the changes in current and voltage distribution in the coil with changing frequency, is not otherwise self-evident. Washington, March 9, 191 8. 'G. W. O. Howe. Proc. Phys. Soc. London, 24, p. 251, 1912;  F. A. Kolster, Proc. Inst. Radio Eng., 1, p. 19, 1913 ; J. C. Hubbard, Phj-s. Rev., 9. p. 529, 1917. 
